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MORE ON FAULHABER’S THEOREM FOR SUMS OF POWERS OF
INTEGERS
JOSE´ LUIS CERECEDA
Abstract. In this note we consider the theorem established in arXiv:1912.07171 concerning the
sums of powers of the first n positive integers, Sk = 1
k + 2k + · · ·+ nk, and show that it can be
used to demonstrate the classical theorem of Faulhaber for both cases of odd and even k.
1. Introduction
For integers n ≥ 1 and k ≥ 0, denote Sk =
∑n
i=1 i
k. It is well-known that Sk can be expressed
in the so-called Faulhaber form (see, e.g., [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 14])
S2k = S2
[
bk,0 + bk,1S1 + bk,2S
2
1 + · · ·+ bk,k−1S
k−1
1
]
, (1)
S2k+1 = S
2
1
[
ck,0 + ck,1S1 + ck,2S
2
1 + · · · + ck,k−1S
k−1
1
]
, (2)
where bk,j and ck,j are non-zero rational coefficients for j = 0, 1, . . . , k−1 and k ≥ 1. In particular,
S3 = S
2
1 . We can write (1) and (2) more compactly as
S2k = S2F2k(S1),
S2k+1 = S
2
1F2k+1(S1),
where both F2k(S1) and F2k+1(S1) are polynomials in S1 of degree k − 1. For later convenience,
we also quote the relationship between S22 and S1, namely
S22 =
1
9
S21(1 + 8S1). (3)
Recently, Miller and Trevin˜o [13] derived the following formulas for S2r+1 and S2r+2:
S2r+1 =
r + 1
2
(
S2r −
2r−1∑
i=r
diSi
)
, (4)
S2r+2 =
(r + 1)(r + 2)
2r + 3
(
SrSr+1 −
2r∑
i=r+1
eiSi
)
, (5)
from which, by using mathematical induction, they concluded (see [13, Theorem 1]) that, for
k ≥ 1, there exists a polynomial gk ∈ Q[x, y] such that gk(0, 0) = 0 and Sk = gk(S1, S2).
In this note we argue that, actually, a slight reformulation of the said theorem enables one to
demonstrate the theorem of Faulhaber embodied in equations (1) and (2) above. Indeed, as will
become clear in the next section, the formulas in (4) and (5) can be used to generate recursively
the Faulhaber polynomials in (2) and (1), respectively. Before going further, it should be noticed
that, throughout this work, we adopt the convention of expressing S22 as in equation (3), so that
we consider that, formally, S22 does not depend on S2. According to (1), this implies that, if k is
even, S2k is a polynomial in S1 (see [2, Corollary 3.2]). For example, we will write S5 as
1
3
(4S31−S
2
1),
and not as 1
2
(3S22−S
2
1). Assuming this convention, it turns out that, for odd k, say k = 2r+1, we
can make the right-hand side of (4) to depend exclusively on S1, so that the resulting polynomial
for S2r+1 obtained from (4) yields the Faulhaber polynomial S2r+1 = S
2
1F2r+1(S1). On the other
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hand, starting with (5), one can indeed show that S2r+2 = g2r+2(S1, S2), but this relationship is,
again, nothing more than that given by the Faulhaber polynomial S2r+2 = S2F2r+2(S1).
2. Generators of Faulhaber polynomials
To support our claim, we make use of the following formula, which gives us the product of the
power sums Sk and Sm (with k,m ≥ 1):
SkSm =
1
k + 1
k/2∑
j=0
B2j
(
k + 1
2j
)
Sk+m+1−2j +
1
m+ 1
m/2∑
j=0
B2j
(
m+ 1
2j
)
Sk+m+1−2j, (6)
where the Bj ’s are the Bernoulli numbers and where the upper summation limit k/2 denotes the
greatest integer less than or equal to k. Equation (6) was stated as Theorem 1 in [12], where,
incidentally, it is further observed that it was known to Lucas by 1891. For k = m, (6) reduces
to
S2k =
2
k + 1
k/2∑
j=0
B2j
(
k + 1
2j
)
S2k+1−2j, k ≥ 1. (7)
From (7), we then obtain
S2r+1 =
r + 1
2
S2r −
r/2∑
j=1
B2j
(
r + 1
2j
)
S2r+1−2j , r ≥ 1, (8)
where we can see that the summation in the right-hand side of (8) involves only power sums
Si with odd index i. Thus, according to (2), every Si can be put as S
2
1 times a polynomial in
S1. Likewise, from (1), (2), and (3), it turns out that S
2
r can always be expressed as S
2
1 times
a polynomial in S1 of degree r − 1. Hence, it follows that S2r+1 in equation (8) must factorize
as the product of S21 times a polynomial in S1 of degree r − 1, namely, the Faulhaber form
S2r+1 = S
2
1F2r+1(S1). As a simple example, we may use (8) to evaluate S9. For r = 4, equation
(8) reads
S9 =
5
2
S24 +
1
6
S5 −
5
3
S7.
Now, since S4 =
1
5
(6S1S2 − S2), and taking into account (3), we obtain
S24 =
1
225
S21 −
4
225
S31 −
4
15
S41 +
32
25
S51 .
Thus, noting that S5 =
1
3
(4S31 − S
2
1) and S7 =
1
3
(6S41 − 4S
3
1 + S
2
1), we finally get the Faulhaber
polynomial
S9 =
1
5
S21
(
− 3 + 12S1 − 20S
2
1 + 16S
3
1
)
.
On the other hand, by taking k = r and m = r + 1 in (6), and solving for S2r+2, we find that
S2r+2 =
(r + 1)(r + 2)
2r + 3

SrSr+1 −Br+1Sr+1 − r/2∑
j=1
hr,jB2jS2r+2−2j

 , r ≥ 1, (9)
where
hr,j =
1
r + 1
(
r + 1
2j
)
+
1
r + 2
(
r + 2
2j
)
.
Note that the summation in the right-hand side of (9) involves only sums Si with even index i.
Furthermore, the single term Br+1Sr+1 only survives when r+1 is even. Regarding the product
SrSr+1, it is obvious that one of the indices r or r + 1 is even. Therefore, invoking (1), we
conclude that S2r+2 in equation (9) must factorize as the product of S2 times a polynomial in S1
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of degree r, namely, the Faulhaber form S2r+2 = S2F2r+2(S1). As another concrete example, let
us evaluate S10 using (9). For r = 4, equation (9) reads
S10 =
30
11
(
S4S5 +
7
60
S6 −
3
4
S8
)
.
Now, substituting S4 =
1
5
(6S1S2 − S2), S5 =
1
3
(4S31 − S
2
1) , S6 =
1
7
(S2 − 6S1S2 + 12S
2
1S2),
and S8 =
1
15
(−3S2 + 18S1S2 − 40S
2
1S2 + 40S
3
1S2) into the last equation, we get the Faulhaber
polynomial
S10 =
1
11
S2
(
5− 30S1 + 68S
2
1 − 80S
3
1 + 48S
4
1
)
.
It should then be clear that the formulas for S2r+1 and S2r+2 in (8) and (9) or, equivalently,
the formulas in (4) and (5) act as generators of the Faulhaber polynomials, provided that both
S2r+1 and the square S
2
2r are expressed in terms of S1. Armed with the formulas in (8) and (9),
it is then a trivial matter to inductively prove the Faulhaber theorem given in equations (1) and
(2). A proof of this kind based on equations like (8) and (9) was given elsewhere [3].
For the sake of completeness, it is worth observing that the Faulhaber polynomials can also
be obtained by means of the identities1
Sk1 =
1
2k−1
k−1
2∑
j=0
(
k
2j + 1
)
S2k−1−2j , k ≥ 1, (10)
and
S2S
k
1 =
1
3 · 2k
k+1
2∑
j=0
2k + 3− 2j
2j + 1
(
k + 1
2j
)
S2k+2−2j , k ≥ 1. (11)
From (10) and (11), it follows that
S2r+1 =
2r
r + 1
Sr+11 −
1
r + 1
r/2∑
j=1
(
r + 1
2j + 1
)
S2r+1−2j , (12)
and
S2r+2 =
1
2r + 3

3S2(2S1)r −
r+1
2∑
j=1
2r + 3− 2j
2j + 1
(
r + 1
2j
)
S2r+2−2j

 , (13)
respectively. Note that the summation in the right-hand side of (12) [(13)] involves only odd
[even] indexed power sums Si, Therefore, starting with r = 1, one can recursively use (12) [(13)]
to get the Faulhaber polynomials S2r+1 = S
2
1F2r+1(S1) [respectively, S2r+2 = S2F2r+2(S1)].
3. Conclusion
In [13, Theorem 1], Miller and Trevin˜o deduced from (4) and (5) that, for k ≥ 1, there exist a
polynomial gk ∈ Q[x, y] such that gk(0, 0) = 0 and Sk = gk(S1, S2). The point raised in this note is
that any such polynomial in S1 and S2 can always be reduced to the Faulhaber form in equations
(1) and (2). Indeed, as we have shown here, the above polynomials (4) and (5) can be used to
generate recursively the Faulhaber polynomials S2r+1 = S
2
1F2r+1(S1) and S2r+2 = S2F2r+2(S1),
respectively, provided we adhere to the convention in (3)
On the other hand, as discussed in [13], there may be other possible ways of expressing Sk in
terms of power sums of lower degree. In this sense, it is pertinent to recall the remarkable result
1 Identity (10) appears as Theorem 2 in [12] (see also [1, Equation (6)] and [10, Equation (17)]). Regarding
identity (11), it can be readily obtained from [10, Equation (22)] (see also [4, Equation (4.3)]).
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achieved by Beardon (see [2, Theorem 6.2]), according to which, for each pair of integers i and j
with 1 ≤ i < j, there is a unique, non-constant irreducible polynomial Tij in two variables x and
y, with integer coefficients, such that Tij(Si, Sj) = 0. As a simple example, we have the relation
([2, Equation (1.4)])
T (S1, S2) = 0, with T (x, y) = 8x
3 + x2 − 9y2,
which is just relation (3). Moreover, it was further shown there (see [2, Theorem 7.1]) that the
relation Ti,j(Si, Sj) is separable if, and only if, i = 1. This is, of course, in agreement with the
polynomial form in (2). A result already anticipated by Faulhaber in 1631 [7].
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